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In this article we present an analysis to derive physical results in the entanglement amplification
of fermonic systems in the relativistic regime, that is, beyond the single-mode approximation. This
leads a recent work in [M. Montero and E. Mart´ın-Mart´ınez, JEHP 07 (2011) 006] to a physical
result, and solidifies that phenomenon of entanglement amplification can actually happen in the
relativistic regime.
I. INTRODUCTION
Entanglement, that is, correlations existing in multi-
partite quantum systems, is an essential feature to de-
scribe information processing of physical systems in the
most fundamental level of physics. It is known that,
none of correlation measures which have been employed
to describe correlations of classical systems suffices to
describe entanglement. Then, a number of measures to
quantify entanglement of quantum systems in the non-
relativistic regime have been developed, for instance, the
criteria based on the partial transpose has been one of
major tools to not only detect but also quantify entan-
gled states. The measure has also been used to describe
evolution of entanglement in time, under different set-
tings of circumstances of given systems.
It is then of fundamental interest, also natural, to ex-
tend the analysis to the relativistic regime, that is, en-
tanglement of relativistic quantum systems. In particu-
lar, the case that one of two parties sharing entangled
states moves in a uniform acceleration has been consid-
ered [1] [2] [3]. Interestingly, it turns out that entangle-
ment behaves differently according to physical systems,
whether given systems are bosonic or fermionic. One
can contrast that, in the relativistic regime, entangle-
ment of bosonic systems disappears in the limit of in-
finite acceleration, while entanglement of fermonic sys-
tems shows a convergent behavior [3][4]. Among others,
this is one of the most remarkable features of quantum
systems, that distinguish physical systems in terms of
entanglement behavior. Moreover, in the recent, a coun-
terintuitive phenomenon in entanglement of relativistic
quantum systems has been shown in Ref. [5] that en-
tanglement can be actually amplified when one party is
moving in a uniform acceleration. After these qualitative
results on entanglement of relativistic quantum systems
have been derived, the constraint to have physical results
should be taken into account, i.e. that detectors in rela-
tivistic quantum systems is consistent to the behavior of
entanglement in the relativistic regime. In fact, this has
been made, e.g. in the case of entanglement behavior of
fermonic systems in the infinite acceleration [10].
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In this paper, we make an analysis to derive physi-
cal results in the entanglement amplification of fermonic
systems in the relativistic regime. We apply methods
shown in Refs. [6] [7] [10] and provide physical results
that entanglement of fermionic systems can be amplified
in an accelerated frame. Our result not only makes a
proper analysis itself, but also solidifies the result that
phenomenon of entanglement amplification can actually
happen (within the employed measure).
The present article is organized as follows. In Sec. II,
we will give a brief description for fermionic system in
an accelerated frame. In Sec. III, we investigate the
entanglement amplification of pure and mixed quantum
states in fermionic system. In Sec. IV, we conclude and
discuss our result.
II. ACCELERATED FRAME
The accelerated frame can be described by the Rindler
coordinate (τ, ς, y, z) instead of Minkowski coordinate
(t, x, y, z). In right wedge of it(called region I), it can
be described by ct = ς sinh(
aτ
c
), x = ς cosh(
aτ
c
) and
in left one of it(region II) the coordinate is given by
ct = −ς sinh(aτc ), x = −ς cosh(aτc ), where a denotes the
fixed acceleration of the frame and c is the velocity of
light. For a fixed ς, the coordinate displays hyperbolic
trajectories in space-time.
A field in Minkowski and Rindler space-time can
be expressed as φ = NM
∑
i
(ai,Mv
+
i,M + b
†
i,Mv
−
i,M ) =
NR
∑
j
(aj,Iv
+
j,I + b
†
j,Iv
−
j,I + aj,IIv
+
j,II + b
†
j,IIv
−
j,II). Here
NM and NR are the normalization constants. v
±
i,M
refers to the positive and negative energy solutions of
the Dirac equation in Minkowski space-time, which can
be obtained with respect to the Killing vector field in
Minkowski space-time. v±i,I and v
±
i,II are the positive
and negative energy solutions of the Dirac equation in
Rindler spacetime, with respect to the Killing vector
field in region I and II. Also a†i,λ(ai,λ) and b
†
i,λ(bi,λ)
are the creation(annihilation) operators, satisfying the
anti-commutation relations, for the positive and negative
energy solutions(particle and antiparticle), where λ de-
notes M, I, II. A combination of Minkowski mode, called
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2Unruh mode, can be transformed into monochromatic
Rindler mode and can annihilate the same Minkowski
vacuum: Ai,R/L ≡ cos γiai,I/II − sin γib†i,II/I , where
cos γi = (e
−2piΩc
a + 1)−1/2. More generally, we have
a†i,U = qL(A
†
Ω,L ⊗ IR) + qR(IL ⊗ A†Ω,R) beyond the sin-
gle mode approximation. Using this relation, in case of
a Grassmann scalar, the Unruh vacuum and the one-
particle state are given by
|0Ω〉U = cos2 γΩ|0000〉Ω − sin γΩ cos γΩ|0011〉Ω
+ sin γΩ cos γΩ|1100〉Ω − sin2 γΩ|1111〉Ω
|1Ω〉+U = qR(cos γΩ|1000〉Ω − sin γΩ|1011〉Ω)
+ qL(sin γΩ|1101〉Ω + cos γΩ|0001〉Ω (1)
Here we consider qR and qL as a real number and use the
notation |pqmn〉Ω ≡ |pΩ〉+I |qΩ〉−II |mΩ〉−I |nΩ〉+II . Actually
there is another possibility of one particle state such as
|1Ω〉−U = qL(cos γΩ|0100〉Ω − sin γΩ|0111〉Ω)
+ qR(sin γΩ|1110〉Ω + cos γΩ|0010〉Ω (2)
From now on, for simplicity, the index Ω will be omitted.
The single-mode approximation corresponds to the case
of qR = 1. Recently it was shown that the physical
ordering of the fermionic system should be rearranged
by the sequence of particle and antiparticle in the
separated region[6][7][10]. So in this report, we will use
the physical structure for fermionic system.
III. ENTANGLEMENT AMPLIFICATION OF
QUANTUM STATES IN FERMIONIC SYSTEM
A. 2 party pure entangled states
At first let us consider pure entanglement between Al-
ice and Bob. Two parties share a pure entangled state in
fermionic system and Bob travels with a uniform accel-
eration. Then, the state shared is described as
|Φ+(α)〉 = cosα|0〉M |0〉U + sinα|1〉M |1+〉U . (3)
Suppose that Bob’s detector cannot distinguish be-
tween the particle and the antiparticle. As it is explained,
two regions I and II are causally disconnected and thus
Bob does not have assess to both. Hence, the state be-
tween Alice and Bob can be found by tracing either re-
gions. The state of Alice and Bob when Bob is in region
I is described as,
ρΦ
+
ABI = cos
2 α cos4 γ|000〉〈000|
+
qR
2
sin 2α cos3 γ(|000〉〈110|+ |110〉〈000|)
+ q2L sin
2 α cos2 γ|100〉〈100|
+
1
2
(1− (1− 2q2L) cos 2γ) sin2 α|110〉〈110|
− qL
2
sin 2α cos2 γ sin γ(|001〉〈100|+ |100〉〈001|)
− qRqL
2
sin2 α sin 2γ(|100〉〈111|+ |111〉〈100|)
+
1
4
cos2 α sin2 2γ(|001〉〈001|+ |010〉〈010|)
+
qR
2
sin 2α cos γ sin2 γ(|001〉〈111|+ |111〉〈001|)
+ q2R sin
2 α sin2 γ|111〉〈111|
+
qL
2
sin 2α sin3 γ(|011〉〈110|+ |110〉〈011|)
+ cos2 α sin4 γ|011〉〈011|.
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FIG. 1: (Color online) Negativity of quantum state ρΦ
+
ABI
.
Part (a) and (b) show the cases of qR =
1√
2
and qR = 0.609 re-
spectively. The dot-point on the line denotes the point of vari-
ation of the curve. The small box inside the figure displays the
negativity of quantum states with α = 0.785,α = 0.653 and
α = 0.600 for ρ
Φ+
ABI
. Some quantum states reveals clearly the
entanglement amplification as acceleration increases. Here
γ = pi
4
denotes the infinite acceleration.
The entanglement of quantum state is measured
by negativity, which evaluates the sum of negative
3eigenvalues of the partial transposed density matrix.
The entanglement behavior at qR =
1√
2
is depicted in
Fig. 1(a). In fact similar analysis was reported in [6] and
[8]. The entanglement of the quantum state is decreased
to the dot-point on the line. However after that point
the entanglement of the state begins to increase, as
Bob moves in more accelerated frame. It means the
entanglement amplification of the quantum state in
terms of acceleration. It is very surprising phenomena,
since it is commonly believed that the entanglement
may not be generated by acceleration. Fig.1 shows that
the entanglement of some quantum states in fermionic
system violates the common belief. As seen in Fig. 1,
lesser entangled the initial state is,to more right position
the point of variation moves. For the state Φ+(α) the
increase of entanglement happens up to α = 0.523599
when qR =
1√
2
. That is, the amplification of entangle-
ment can be clearly seen between pi4 ≥ α ≥ 0.523599,
when qR =
1√
2
. The entanglement amplification at
qR = 0.609 can be found in Fig. 1(b). In this case some
quantum states in the accelerated frame reveals more
entanglement than that in an inertial one.
We next consider the entanglement between Alice and
Bob, when they share the following state,
|Φ−(α)〉 = cosα|0〉M |0〉U + sinα|1〉M |1−〉U . (4)
As it is explained previously, Bob has inaccessible part
due to his acceleration. The state of Alice and Bob after
tracing the region II can be found. Actually as far as
entanglement is concerned, the entanglement behavior of
Φ+(α) seems to be equivalent to that of Φ−(α), which
was discussed in [9].
We now consider pure entangled states such as Eq. (5),
when Bob is traveling with a uniform acceleration, as
follows:
|Φ∗(α)〉 = cosα|0〉M |1+〉U + sinα|1〉M |0〉U . (5)
As it is done before, the state that Alice and Bob share
can be obtained beyond the single-mode approximation.
The state when Bob is in region I is obtained by tracing
the other region,
ρΦ
∗
ABI = q
2
L cos
2 α cos2 γ|000〉〈000|
+
1
2
(1− (1− 2q2L) cos 2γ) cos2 α|010〉〈010|
+
qR
2
cos3 γ sin 2α|010〉〈100|+ |100〉〈010|)
+ cos4 γ sin2 α|100〉〈100|
− qRqL
2
sin2 α sin 2γ(|000〉〈011|+ |011〉〈000|)
− qL
2
sin 2α cos2 γ sin γ(|000〉〈101|+ |101〉〈000|)
+ q2R cos
2 α sin2 γ|011〉〈011|
+
qR
2
sin 2α cos γ sin2 γ(|011〉〈101|+ |101〉〈011|)
+
1
4
sin2 α sin2 2γ(|101〉〈101|+ |110〉〈110|)
+
qL
2
sin3 γ sin 2α(|010〉〈111|+ |111〉〈010|)
+ sin2 α sin4 γ|111〉〈111|.
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FIG. 2: (Color online) Negativity of quantum state ρΦ
∗
ABI
.
Part (a) and (b) show the cases of qR =
1√
2
and qR = 0.609 re-
spectively. The dot-point on the line denotes the point of vari-
ation of the curve. The small box inside the figure displays the
negativity of quantum states with α = 0.785,α = 0.653 and
α = 0.600 for ρΦ
∗
ABI
. Some quantum states reveal clearly the
entanglement amplification as acceleration increases. Here
γ = pi
4
denotes the infinite acceleration.
The entanglement behavior for the quantum state
Φ∗(α) at qR = 1√2 can be seen in Fig. 2(a). We observe
4the point of variation as well as the amplification of
entanglement, for certain quantum states. However,
its entanglement behaves differently from that of state
Φ+(α). The main difference is that the entanglement
for some range of α does not decrease rather increases
as Bob’s acceleration is getting larger. For example,
the quantum state with α = 0.653 at qR =
1√
2
, can get
the maximal entanglement at the infinite acceleration.
That is, the entanglement of the quantum state with
specific qR and α has the largest value at the infinite
acceleration. It seems to be a strange property, since
the acceleration is believed to reduce the entanglement
of the quantum state. At qR = 0.609, the behavior of
entanglement can be found in Fig. 2(b).
III.b 2 party mixed entangled state
Up to now, we have considered entanglement of pure
states in fermionic system when one of parties is travel-
ing with a uniform acceleration. We have observed that
there is an amplification of entanglement when a part-
ner sharing a pure quantum state moves in accelerated
frame. In this subsection, we consider a more compli-
cate scenario when two parties share a mixed state. It
is aimed to find how the entanglement behavior depends
on the mixedness property, and also if its amplification is
related to the mixedness. In particular, the case when a
white noise is added to a maximally entangled states, so-
called Werner state, is to be considered. The mixedness
of Werner states is parameterized by a single parameter.
So we suppose that two parties Alice and Bob prepare
Werner states in inertial frames, and then Bob moves in
the uniformly accelerated frame. That is, the initial state
of Alice and Bob can be expressed as follows,
ρW = F |Φ+(α = pi/4)〉〈Φ+(α = pi/4)|+ 1− F
4
I, (6)
where the maximally entangled state is taken from Eq.
(3) when α = pi/4.
Suppose that Bob moves in an accelerated frame. Be-
yond the single-mode approximation, the state that Alice
and Bob share in Bob’s region I is obtained by tracing
the region II, as follows,
ρWABI =
1
2
FqR cos
3 γ(|000〉〈110|+ |110〉〈000|) + 1
8
cos2 γ(3− 2q2R + F (1− 2q2R) + (1− F ) cos 2γ)|100〉〈100|
+
1
8
cos2 γ(3− 2q2R − F (1− 2q2R) + (1 + F ) cos 2γ)|000〉〈000| −
FqL
2
cos2 γ sin γ(|001〉〈100|+ |100〉〈001|)
+
FqR
2
cos γ sin2 γ(|001〉〈111|+ |111〉〈001|) + FqL
2
sin3 γ(|011〉〈110|+ |110〉〈011|)
+
1
4
sin2 γ((1 + F )q2R + (1− F ) sin2 γ)|111〉〈111|+
1
4
sin2 γ((1− F )q2R + (1 + F ) sin2 γ)|011〉〈011|
− 1
8
(1− F )qLqR sin 2γ(|000〉〈011|+ |011〉〈000|)− 1
8
(1 + F )qLqR sin 2γ(|100〉〈111|+ |111〉〈100|)
+
1
16
(1− F ) sin2 2γ|101〉〈101|+ 1
16
(1 + F ) sin2 2γ|001〉〈001|+ 1
16
(2(1 + F )− 2(1 + F )(1− 2q2R) cos 2γ
+(1− F ) sin2 2γ)|110〉〈110|+ 1
16
(2(1− F )− 2(1− F )(1− 2q2R) cos 2γ + (1 + F ) sin2 2γ)|010〉〈010|
The negativity in Fig.3 depicts the entanglement am-
plification for some Werner states. It implies that when
the mixed states are considered, their entanglement for
certain mixed states shows the amplification behavior.
Specially the point of variation can be found two times
for the Werner state with F = 0.50 at qR =
1√
2
. In fact
it happens in the Wener state of F = 0.50 at qR =
1√
2
or F = 0.49 at qR =
1√
2
or F = 0.47 at qR = 0.609 or
F = 0.46 at qR = 0.609. It means that there are two re-
gions of entanglement amplification for the states, which
seems to be a peculiar property of mixed states.
We now consider the mixed entangled states such as Eq.
(7), when Bob is traveling with a uniform acceleration,
as follows:
ρWL = F |Φ+(α = pi/4)〉〈Φ+(α = pi/4)|
+
1− F
2
(|01〉〈01|+ |10〉〈10|), (7)
where the maximally entangled state is taken from Eq.
(3) when α = pi/4. As it is done before, the state that
Alice and Bob share can be obtained beyond the single-
mode approximation. The state when Bob is in region I
is obtained by tracing the other region,
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FIG. 3: (Color online) Negativity of quantum state ρWABI .
Part (a) and (b) show the cases of qR =
1√
2
and qR = 0.609
respectively. The dot-point on the line denotes the point of
variation of the curve. Some quantum states display two dot-
points, implying that there are two regions for entanglement
behavior. Part (a) and (b) show clearly the entanglement
amplification as acceleration increases. Here γ = pi
4
denotes
the infinite acceleration.
ρWLABI =
1
2
FqR cos
3 γ(|000〉〈110|+ |110〉〈000|)
+
1
2
cos γ2(F (q2L) + (1− F ) cos γ2)|100〉〈100|
+
1
2
cos γ2((1− F )(q2L) + F cos γ2)|000〉〈000|
+
1
16
(1 + 3F − 4F (1− 2q2R) cos 2γ − (1− F ) cos 4γ)|110〉〈110|
− 1
2
FqL cos γ
2 sin γ(|001〉〈100|+ |100〉〈001|)
+
1
2
FqR cos γ sin γ
2(|001〉〈111|+ |111〉〈001|)
+
1
2
FqL sin γ
3(|011〉〈110|+ |110〉〈011|)
+
1
2
sin γ2((1− F )q2R + F sin γ2)|011〉〈011|
+
1
2
(Fq2R sin γ
2 + (1− F ) sin γ4)|111〉〈111|
− 1
4
(1− F )qRqL sin 2γ(|000〉〈011|+ |011〉〈000|)
− 1
4
FqRqL sin 2γ(|100〉〈111|+ |111〉〈100|)
+
1
8
(1− F ) sin 2γ2|101〉〈101|
+
1
8
F sin 2γ2|001〉〈001|
+
1
8
(2(1− F )(1− (1− 2q2R) cos 2γ) + F sin 2γ2)|010〉〈010|
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FIG. 4: (Color online) Negativity of quantum state ρWLABI .
Part (a) and (b) show the cases of qR =
1√
2
and qR = 0.609
respectively. The dot-point on the line denotes the point of
variation of the curve. Some quantum states show clearly the
entanglement amplification as acceleration increases. Here
γ = pi
4
denotes the infinite acceleration.
The negativity in Fig.4 shows the entanglement am-
plification for some mixed quantum states of Eq. (7). It
implies that when the mixed states are considered, their
entanglement for certain mixed states shows the amplifi-
cation behavior. Specially the point of variation can be
found two times for ρWL with F = 0.63 at qR =
1√
2
.
In fact it happens in ρWL of F = 0.63 at qR =
1√
2
or F = 0.62 at qR =
1√
2
or F = 0.61 at qR =
1√
2
or
F = 0.60 at qR =
1√
2
.
IV. Discussion and Conclusion
We have investigated the amplification of entanglement
of quantum states in fermionic system when a party shar-
ing entangled quantum state travels in uniformly accel-
erated frame. Even though it has been widely believed
that the acceleration may spoil the entanglement of the
system, we showed that there can be the amplification of
entanglement for some quantum states regardless of pure
or mixed one. Also it is a surprise that some mixed states
reveal two points of variation in the line of negativity. It
seems to be worthwhile to investigate why there are more
than one region of amplification of entanglement for some
mixed states.
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